In this paper estimations in general form of sum of left and right sided Riemann-Liouville (RL) fractional integrals for convex functions are studied. Also some similar fractional inequalities for functions whose derivatives in absolute value are convex, have been obtained. Associated fractional integral inequalities provide the bounds of di¤erent known fractional inequalities. These results may be useful in in the study of uniqueness solutions of fractional di¤erential equations and fractional boundary value problems.
Introduction
Fractional calculus is applied in almost all disciplines of engineering and modern sciences. Since nineteenth century it has been acknowledged signi…cantly and several new directions and subjects are invented. For example fractional geometry, fractional di¤erential equations and fractional dynamics are due to fractional calculus.
Fractional integral operators play a leading and keen role in the development of fractional calculus. A …rst formulation of a fractional integral operator is due to a continuous study of well renowned mathematicians and physicist. This fractional integral is well known as Riemann-Liouville (RL) fractional integral operator. After its existence there have been introduced many other fractional integral and fractional derivative operators. Now a days scientists in their diverse …elds are working in the environment of fractional calculus and new directions of respective …elds are developing rapidly. Theory of convex functions is the subject of mathematics that connects the mathematical analysis with other branches of science and engineering. Convex functions play an important role in the advancement of optimization theory, majorization theory, probability and statistics. A real valued function f : Convex functions are very close to the theory of inequalities. Many known and useful inequalities are consequences of convex functions. Some very natural inequalities for example Jensen inequality, Hadamard inequality interpret convex functions beautifully. Fractional integral inequalities occur by default in the study of convex and related functions due to applications of de…nitions of fractional integral as well as fractional derivative operators. Fractional integral inequalities are very useful in the study of fractional partial as well as ordinary di¤erential equations. These are used to establish the uniqueness and bounds of their solutions. For detailed study suggested references are [15, 13, 9, 14, 11, 12, 17] .
In this paper we study a general form of Riemann-Liouville (RL) fractional integrals via convex functions. Therefore it is need to give de…nitions of used fractional integrals. We start with the de…nition of Riemann-Liouville (RL) fractional integral.
Then the left-sided and right-sided Riemann Liouville fractional integrals of order > 0 with a 0 are de…ned as:
where (:) is the Gamma function.
A slight generalization of (RL) fractional integral is Riemann-Liouville (k-RL) k-fractional integral (see, [5] ). 
where k (:) is the k-Gamma function (see, [2] ).
A more general de…nition of (RL) fractional integral is the Riemann-Liouville fractional integral with respect an increasing function (see, [9] ). 
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The left-sided and right-sided fractional integrals of a function f with respect to another function g on [a; b] of order > 0 are de…ned as:
A k-analogue of above de…nition is de…ned in the next de…nition [10] . 
This is a compact form of a several fractional integral operators which are independently de…ned by the researchers in recent decade. The following lemma comprises on the formation of some particular fractional integrals which one can obtain from (3) and (4).
Remark 5. In the above De…nition 4. (i) If we take k = 1, then we get the De…nition 3 of Riemann-Liouville fractional integrals with respect to an increasing function.
(ii) If we take g(x) = x, then we get the De…nition 2 of Riemann-Liouville kfractional integrals.
(iii) If we take g(x) = x and k = 1, then we get the De…nition 1 of Riemann-Liouville fractional integrals. (iv) If we take g(x) = x , > 0 and k = 1, then we get the de…nition of Katugampola fractional integrals given in [1] .
(v) If we take g(x) = x +s +s and k = 1, then we get the de…nition of generalized conformable fractional integrals de…ned by T. U. Khan et al. in [8] . (4), then we get the de…nition of conformable (k; s)-fractional integrals de…ned by Habib et al. in [6] .
1+s , then we get the de…nition of generalized conformable fractional integrals de…ned by Sarikaya et al. in [16] . The paper is organized as follows: In Section 2, bounds of sum of the left and right sided (RL) k-fractional integrals in general form de…ned in De…nition 4 have been established. Some related similar results are also obtained. These results are achieved by means of monotonicity and convexity properties. The presented results are useful in the study of fractional di¤erential equations and fractional boundary value problems. Also they provide the estimations of Riemann-Liouville fractional integrals which are published in [4] and some results of [3] . In Section 3 applications are discussed.
Main Results
The …rst result provides the estimates of sum of the left and right sided general (RL) fractional integral de…ned in De…nition 4. Convexity and monotonicity properties of real valued functions are used.
. Also let f be positive convex, and g be di¤ erentiable and strictly increasing function with g 0 2 L[a; b]. Then for ; k, the following estimate is valid
Proof. Since the function g is di¤erentiable and strictly increasing, therefore for x 2 [a; b] and t 2 [a; x]; (g(x) g(t)) k 1 (g(x) g(a)) k 1 ; k. Also g 0 (x) > 0 hence g 0 (t)(g(x) g(t)) k 1 g 0 (t)(g(x) g(a)) k 1 . From convexity of f , we have f (t)
x t x a f (a) + t a x a f (x). From the last two inequalities one can has the
By using the De…nition 4, we get
Now on the other hand for
Multiplying the last two inequalities and integrating over [x; b] one can has the integral inequality, which in addition with (6) constitutes the required estimate.
x g(t)dt :
A special case of above theorem is stated in the following corollary which gives [4, Theorem 1] for k = 1, g as identity function.
Corollary 7. If the assumptions of Theorem 6 hold, then the following fractional integral inequality holds
Next theorem is the modulus fractional inequality that derives some known results.
Theorem 8. Let f; g : [a; b] ! R be real valued functions with a < b. Also let f be di¤ erentiable and jf 0 j is convex, and g be also di¤ erentiable and strictly increasing with g 0 2 L[a; b]. Then for ;
0 and k > 0, the following modulus fractional inequality holds
Proof. From convexity of jf 0 j, we have jf 0 (t)j
x t
x a jf 0 (a)j + t a x a jf 0 (x)j which gives f 0 (t)
x t x a jf 0 (a)j + t a x a jf 0 (x)j. Since the function g is di¤erentiable and strictly increasing therefore we have g(x) g(t)) k (g(x) g(a)) k , where as x 2 [a; b] and t 2 [a; x], 0, k > 0. The product of last two inequalities give (g(x) g(t)) k f 0 (t) (g(x) g(a)) k x a ((x t)jf 0 (a)j + (t a)jf 0 (x)j) :
Integrating with respect to t over [a; x], we have
jf 0 (a)j + jf 0 (x)j 2 :
(10) Also from convexity of jf 0 j one can has f (t)
x t x a jf 0 (a)j + t a x a jf 0 (x)j and following the same procedure as we did to get (10) next inequality holds f (a)(g(x) g(a)) k k ( +k)I ;k g;a + f (x) (g(x) g(a)) k (x a) jf 0 (a)j + jf 0 (x)j 2 :
(11) Inequalities (10) and (11) provide the modulus inequality k ( + k)I ;k g;a + f (x) f (a)(g(x) g(a)) k (12) (g(x) g(a)) k (x a) jf 0 (a)j + jf 0 (x)j 2 :
On the other hand from convexity of jf 0 j we have jf 0 (t)j t x b x jf 0 (b)j + b t b x jf 0 (x)j, for x 2 [a; b] and t 2 [x; b] and 0, k > 0. Also the inequality (g(t) g(x)) k (g(b) g(x)) k holds true for function g. Following the same way as we have done to obtain (12) the following inequality holds
(13) From inequalities (12) and (13) via triangular inequality we get (8) which is required.
A special case of above theorem is stated in the following corollary which gives [4, Theorem 2] for k = 1, g as identity function.
Corollary 9. If the assumptions of Theorem 8 hold, then the following fractional integral inequality holds
The following lemma is useful to prove the next result. 
Theorem 11. Let f; g : [a; b] ! R be real valued functions with a < b. Also let f be positive convex and symmetric about a+b 2 , and g be di¤ erentiable and strictly increasing with g 0 2 L[a; b]. Then for ;
0 and k > 0, we have the following fractional inequality
Proof. Since the function g is di¤erentiable and strictly increasing therefore (g(x) g(a)) k (g(b) g(a)) k , where as x 2 [a; b], 0, k > 0. Also g 0 (x) > 0 hence the inequality g 0 (x)(g(x) g(a)) k g 0 (x)(g(b) g(a)) k holds true. From convexity of
By using De…nition (4) we get
Now for x 2 [a; b], t 2 [x; b] and 0, k > 0, the inequality g 0 (x)(g(b) g(x)) k g 0 (x)(g(b) g(a)) k holds true. Following the same way as we have done to get (16) the following inequality can be obtained
From (16) and (17), we get
Using Lemma 10 and multiplying (14) with (g(x) g(a)) k g 0 (x), then integrating over [a; b], we have
By using De…nition 3, we get
Similarly, using Lemma 10 and multiplying (14) with (g(b) g(x)) k g 0 (x), then integrating over [a; b], we have
(21) From (20) and (21) the following inequality holds which with (18) constitute (15) .
A special case of above theorem is stated in the following corollary which gives [4, Theorem 3] for k = 1, g as identity function.
Corollary 12. If the assumptions of Theorem 11 hold, then the following fractional integral inequality holds
Applications
In this section we give applications of the results proved in the previous section. First we apply Theorem 6 and get the following result. Proof. If we take x = a and x = b in (5), then adding resulting inequalities, we get (22).
Corollary 14. If we take = in (22), then we have the following fractional integral inequality Proof. If we take x = a+b 2 in (8), then resulting inequality (25) can be obtained. 
Concluding Remarks
This paper gives estimates of (RL) fractional integral in general form by means of convex functions. These estimates provide the estimations of (RL) and (kRL) fractional integrals and also for all fractional integrals comprises in Remark 1. Some related fractional inequalities are also obtained for di¤erentiable functions having convex derivatives in absolute value. Applications of Theorem 6 and Theorem 8 are given by connecting some known results. By applying Theorem 11 similar results can be established which are left for the reader.
